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ON REPRESENTATIONS OF Gal(Q/Q) AND Aut(Fˆd)
FRAUKE M. BLEHER, TED CHINBURG, AND ALEXANDER LUBOTZKY
Abstract. It is well known that G = Gal(Q/Q), the absolute Galois group of the field of rational numbers
Q, is embedded as an (infinite index) subgroup in A = Aut(Fˆ2), the automorphism group of the free
profinite group on 2 generators Fˆ2. In this note, we prove a “super-rigidity” result for some classical Galois
representations of G. Namely, let X be a smooth projective irreducible curve over Q, realized as a cover
λ : X −→ P1
Q
that is unramified outside {0, 1,∞}, and let ℓ is a prime number. Then the action of a
natural finite index subgroup of G on the ℓ-adic Tate module of the generalized Jacobian of X with respect
to the ramification locus of λ, can be extended, up to a finite index subgroup, to an action of a finite index
subgroup of A. Moreover, this holds even for the product of the Tate modules of the generalized Jacobian
of X over all primes ℓ.
1. Introduction
Let G = Gal(Q/Q) be the absolute Galois group of the field of rational numbers Q. Let A = Aut(Fˆ2) be
the automorphism group of the free profinite group on 2 generators Fˆ2. Belyi showed in [3] that there is a
canonical embedding of G into A = Aut(Fˆ2) (see §3 for details).
Let X be a smooth projective irreducible curve defined over Q and let ℓ be a prime. By a theorem of Belyi
[2, Theorem 4], X can be realized as a cover λ : X −→ P1
Q
that is unramified outside {0, 1,∞}. Suppose
F is a number field over which X , the points in λ−1({0, 1,∞}) and the generalized Jacobian Jλ(X) of X
with respect to λ−1({0, 1,∞}) are defined. Let Tℓ,λ(X) denote the ℓ-adic Tate module of Jλ(X). This is a
Zℓ-module of rank 2 genus(X) + |λ−1({0, 1,∞})| − 1. The finite index subgroup GF = Gal(Q/F ) of G acts
naturally on Tℓ,λ(X) and on the adelic Tate module
Tλ(X) :=
∏
ℓ prime
Tℓ,λ(X)
of Jλ(X). This gives rise to Galois representations, which we denote by
ρX,ℓ : GF −→ GL(Tℓ,λ(X)) and ρX : GF −→ GL(Tλ(X)).
Theorem 1.1. There is a representation ρ˜X : AX −→ GL(Tλ(X)) of a finite index subgroup AX of A that
agrees with ρX on the finite index subgroup AX ∩ GF of GF . In particular, the same holds for every ρX,ℓ
which is extended to ρ˜X,ℓ : AX −→ GL(Tℓ,λ(X)).
To prove Theorem 1.1, let us recall the results in [9], which are not needed here, but which were the
inspiration for the current work. In that paper, the following situation was studied. Let F = Fd be the free
group on d ≥ 2 generators and let π : Fd −→ H be an epimorphism onto a finite group H , with R = Ker(π).
Let A = Aut(Fd) and A(π) = {α ∈ A : π ◦ α = π}. The finite index subgroup A(π) of A preserves R.
Hence, we get a linear representation ρπ : A(π) −→ GL(R), where R = R/[R,R] is a Z-module of rank
|H |(d−1)+1. The image of ρπ is inside the arithmetic group of all the H-module automorphisms of R. The
main result of [9] is the claim that under some technical condition on π (“π is redundant”) ρπ(A(π))
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is, after projectivization, an arithmetic group. This provides a rich class of arithmetic virtual quotients of
A = Aut(Fd).
In §2, we develop the analogous profinite theory for all d ≥ 1. Let π now be a continuous epimorphism
π : Fˆd −→ H , and let A(π) = {α ∈ Aut(Fˆd) : π ◦ α = π}. Let R = Ker(π). Then R = R/[R,R] is a
Zˆ[H ]-module giving rise to ρ : A(π) −→ GL(R). The result here is stronger than in the discrete case and
without any assumption:
Theorem 1.2. For every d ≥ 1 and every such π, the image ρ(A(π)) equals the subgroup AutH,β(R) of all
Zˆ[H ]-module automorphisms of R preserving the extension class β of the short exact sequence
(1.1) 1 −→ R −→ Fˆd/[R,R]
π
−→ H −→ 1
where π is induced by π.
See Theorem 2.1 below for an even more general result. This theorem is deduced from a powerful lemma
of Gaschu¨tz which holds for (pro)finite groups but not for discrete groups. This explains why Theorem 1.2
does not hold in general for discrete groups; see also [9, Prop. 9.7].
Theorems 1.1 and 1.2 are connected with each other because of Belyi’s theorem. Let H be the Galois
group of the normal closure λ˜ : Y −→ P1
Q
of a Belyi cover λ : X −→ P1
Q
, and let J be the Galois group of Y
over X . The e´tale fundamental group of P1
Q
− {0, 1,∞} with respect to a geometric base point is naturally
isomorphic to the free profinite group Fˆ2. Letting π : Fˆ2 −→ H be the homomorphism associated to λ˜, we
get from Theorem 1.2 a lift to a finite index subgroup of A(π) of the action of a subgroup of finite index
in G on Tλ˜(Y ). Taking J -coinvariants of this lift and then dividing by the finite torsion subgroup of these
coinvariants leads to Theorem 1.1; see Theorem 4.1 for details.
One natural question is whether similar results hold if one replaces the adelic Tate module Tλ(X) of the
generalized Jacobian of X with respect to the ramification locus of λ : X −→ P1
Q
with the adelic Tate module
T (X) of the Jacobian of X . Using Theorem 1.2, we will give in §5 a necessary and sufficient condition for
the lift of the action on Tλ(X) which we construct to descend to an action on T (X); see Theorem 5.1. This
condition is not always satisfied, but it is if, for example, the Galois group H of the normal closure of λ is
abelian.
Theorem 1.2 gives the precise image of A(π) in GL(R) and hence also in GL(Tλ(X)). It is of interest
to compare it with the image of G in GL(Tλ(X)). In §6 we analyze the case in which X has genus 1 and
λ : X −→ P1
Q
is Galois. In §7 we briefly survey some related results concerning the so-called Grothendieck-
Teichmu¨ller group, dessin d’enfants and the image of the action of Galois groups on the Tate modules of
curves. We then pose some questions for future research.
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2. A construction of linear representations of Aut(Fˆd).
Let π : Fˆd −→ H be a continuous epimorphism from Fˆd to a finite group H , and let R be the kernel
of π. Define R = R/[R,R] to be the maximal abelian quotient of R. Then R is isomorphic to Zˆ|H|(d−1)+1
where Zˆ is the profinite completion of Z. We consider surjections R −→ R˜ whose kernel I˜ is a closed normal
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subgroup of Fˆd containing [R,R], so that R˜ is a quotient of R. We will be interested in constructing large
linear representations of the group
(2.1) A(π, I˜) = {α ∈ Aut(Fˆd) : π ◦ α = π and α(I˜) = I˜}
where we set A(π) = A(π, [R,R]). Since Fˆd is finitely generated as a profinite group, there are finitely many
surjections Fˆd −→ H , and A(π) is of finite index in Aut(Fˆd). In general, A(π, I˜) need not have finite index
in Aut(Fˆd), but it will if I˜ is a characteristic subgroup of R.
We have an exact sequence
(2.2) 1 −→ R˜ −→ Fˆd/I˜ −→ H −→ 1
with some extension class β ∈ H2(H, R˜). Since R˜ is abelian and profinite, there is a well-defined continuous
action of H on R˜. This gives rise to a linear representation ρ : A(π, I˜) −→ GL(R˜).
Let AutH(R˜) be the group of continuous automorphisms of R˜ that commute with the action of H . Each
element of AutH(R˜) induces an automorphism of H
2(H, R˜). We define
(2.3) AutH,β(R˜) = {γ ∈ AutH(R˜) : γ∗(β) = β}.
Since R˜ is a quotient of a finitely generated Zˆ-module, H2(H, R˜) is finite, and AutH,β(R˜) has finite index in
AutH(R˜).
We will prove the following result, which implies Theorem 1.2.
Theorem 2.1. For every d ≥ 1 and every π and I˜, the image ρ(A(π, I˜)) equals AutH,β(R˜). In other words,
the action of A(π, I˜) on R˜ gives a surjection
(2.4) A(π, I˜) −→ AutH,β(R˜).
This construction is the profinite analog of the one used in [9] to contruct linear representations of
Aut(Fd). Note, though, that Theorem 2.1 shows that in the profinite case the representation is surjective.
In the discrete case this may not be true; see [9, Prop. 9.7]. Here is a concrete example.
Example 2.2. Let H be a cyclic group of prime order p, and let k = Q(ζp) for a primitive pth root of unity
ζp in Q. Suppose π : Fd −→ H is a surjection with kernel R. In this case, Q ⊗Z R/[R,R] is isomorphic to
Q[H ]d−1⊕Q as a Q[H ]-module, i.e. to kd−1⊕Qd (see, for example, [8, §2]). Theorem 1.4 of [9] implies that
if d ≥ 4, the finite index subgroup A(π) of A = Aut(Fd) has a “large” image in the H-module automorphism
group of kd−1⊕Qd in the following sense. After choosing a suitable basis for Q⊗ZR/[R,R] ∼= kd−1⊕Qd, the
Z[H ] submoduleR/[R,R] is commensurable with Z[ζp]d−1⊕Zd, where a chosen generator h ∈ H acts on Z[ζp]
by multiplication by ζp and h acts trivially on Z. The intersection of ρπ(A(π)) with GLd−1(Z[ζp])×GLd(Z)
has finite index in ρπ(A(π)), and the intersection ρπ(A(π)) ∩ (SLd−1(Z[ζp])× SLd(Z)) is of finite index in
SLd−1(Z[ζp])×SLd(Z). This way it is shown in [9] that Aut(Fd) has many arithmetic subgroups as quotients.
Theorem 2.1 gives a more precise and stronger result in the category of profinite groups. As remarked
above, R = R/[R,R] ∼= Zˆ(d−1)p ⊕ Zˆ. Concerning the action of H , we can prove a more precise statement if
we divide R by its pro-p Sylow subgroup R(p) (i.e. by the Zp-factors). Let I˜ be the inverse image of R(p)
under the natural map R −→ R. Define
Zˆ(p) = Zˆ/Zp ∼=
∏
ℓ 6=p
Zℓ.
Then R˜ = R/R(p) = R/I˜ is isomorphic to Zˆ
|H|(d−1)+1
(p) but this time we can say that R˜ is isomorphic to
Zˆ(p)[H ]
d−1⊕ Zˆ(p) ∼= Zˆ(p)[ζp]
d−1 ⊕ Zˆd(p) as an H-module since |H | is a unit in Zˆ(p). Theorem 2.1 implies that
A(π, I˜), which is a finite index subgroup of Aut(Fˆd), is mapped onto GLd−1(Zˆ(p)[ζp]) × GLd(Zˆ(p)). (Note
that SLd−1(Zˆ(p)[ζp])× SLd(Zˆ(p)) is of infinite index in GLd−1(Zˆ(p)[ζp])×GLd(Zˆ(p)).)
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More examples of this kind can be worked out by considering the various examples studied in [9]. The
advantage of Theorem 2.1 over [9, Theorem 4.1] is that it gives the exact image (and not only up to a finite
index subgroup as in [9], and only under some additional assumptions on H and π). It implies that the
question “(SL) or not (SL)?” from [9, §8] has a clear answer here: it is never just SL. But, this answer is not
really so interesting: It is easy to see that Aut(Fˆd) (and each of its finite index subgroups) has an infinite
abelianization. On the other hand, it was shown recently [14] that Aut(Fd) has Kazhdan property (T) for
d ≥ 5; hence the abelianization of each finite index subgroup is finite. In particular, it shows that (at least
when d ≥ 5), the answer to the “(SL) or not (SL)?” question is (SL). In other words, the image there is
always commensurable with the SL group.
To prove Theorem 2.1 we need the following well-known result of Gaschu¨tz; see [6], [5, Lemma 17.7.2].
Lemma 2.3. Suppose ψ : G1 −→ G2 is a continuous surjective group homomorphism of profinite groups.
Suppose S2 is a finite set of generators of G2 with |S2| = d, and that the minimal number of generators of
G1 is less than or equal to d. Then there exists a set of generators S1 of G1 such that ψ(S1) = S2.
This lemma has the following easy corollary (compare to [16, §2]).
Corollary 2.4. If N is a closed normal subgroup of Fˆd, then every automorphism of Fˆd/N can be lifted to
an automorphism of Fˆd preserving N . In particular, this holds for N = R.
The identification of second cohomology groups with equivalence classes of group extensions shows the
following result.
Lemma 2.5. Assume B is an abelian H-module and that there is a short exact sequence
(2.5) 1 // B // H˜ // H // 1.
Let β˜ ∈ H2(H,B) be the extension class of this sequence. Let ρ : B −→ B be an H-module automorphism.
Then ρ fixes β˜ if and only if there is a diagram of automorphisms
(2.6) 1 // B //
ρ

H˜ //
ρ˜

H // 1
1 // B // H˜ // H // 1
in which the right vertical isomorphism is the identity map on H.
Proof of Theorem 2.1. An element of A(π, I˜) = {α ∈ Aut(Fˆd) : π ◦ α = π and α(I˜) = I˜} induces an
automorphism of the sequence (2.2) which is the identity on H . Therefore, Lemma 2.5 implies that the
restriction of this element to R˜ lies in AutH,β(R˜). We now suppose that ρ is an element of AutH,β(R˜). By
Lemma 2.5, there is an automorphism ρ˜ of Fˆd/I˜ that fits in a diagram of automorphisms
(2.7) 1 // R˜ //
ρ

Fˆd/I˜ //
ρ˜

H // 1
1 // R˜ // Fˆd/I˜ // H // 1.
By Corollary 2.4, we can lift ρ˜ to an automorphism α of Fˆd. This lift will lie in A(π, I˜), which shows that
the homomorphism in Theorem 2.1 is surjective. 
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3. Belyi’s construction of an injection Gal(Q/Q) −→ Aut(Fˆ2).
In this section, we review a construction of Belyi in [2, 3, 11] of an injection ι : Gal(Q/Q) −→ Aut(Fˆ2)
which is essential to our work. An explicit description of this construction is needed, in particular, to show
that on passing to a finite index subgroup, it is compatible with the actions of Gal(Q/Q) and Aut(Fˆ2) on
the generalized Jacobians of curves.
We will identify Q(P1Q) with Q(t) for a fixed choice of affine parameter t. Then Q(P
1
Q
) is identified
with Q(t). Let Q(t)cl be a fixed algebraic closure of Q(P1
Q
) = Q(t). We have an exact sequence of e´tale
fundamental groups
(3.1) 1 −→ π1(P
1
Q
− {0, 1,∞}, η) −→ π1(P
1
Q − {0, 1,∞}, η) −→ Gal(Q/Q) −→ 1
when η : Spec(Q(t)cl) −→ P1
Q
−{0, 1,∞} is the geometric point determined by Q(t)cl. This gives a homomor-
phism Gal(Q/Q) −→ Out(π1(P1Q−{0, 1,∞}, η)). Belyi showed in [2, 3] how one can lift this homomorphism
to an injection
(3.2) ι : Gal(Q/Q) −→ Aut(π1(P
1
Q
− {0, 1,∞}, η))
in the following way.
Let L be the maximal extension of Q(t) contained in Q(t)cl that is unramified outside {0, 1,∞}. Define
ΓQ = Gal(L/Q(t)) = π1(P
1
Q
− {0, 1,∞}, η).
Let x and y be topological generators of decomposition groups in ΓQ over 0 and 1. These decomposition
groups correspond to projective systems {Pi,0}i and {Pi,1}i of discrete valuations over 0 and 1, respectively,
in a countable cofinal system indexed by i of finite extensions of Q(t) in L. The topological fundamental
group of P1(C) − {0, 1,∞} is the free group generated by loops around 0 and 1. It follows that the group
ΓQ is the profinite completion 〈̂x, y〉 of the free group generated by x and y.
For σ ∈ Gal(Q/Q), we lift σ canonically to an element of Gal(Q(t)/Q(t)) by letting σ fix t. Choose a
further lift σ˜ of σ to Aut(L/Q(t)) ⊂ Aut(L/Q). There is a transitive action of Γ
Q
on the discrete valuations
of any finite Galois extension of Q(t) in L that lie over the discrete valuation of Q(t) associated to the point
0. It follows that there is an element γ ∈ Gal(L/Q(t)) such that γ({Pi,0}i) = σ˜({Pi,0}i). Then conjugation
by γ−1σ˜ takes the profinite group 〈̂x〉 generated by x back to itself.
Define
ΓQ = Gal(L/Q(t))
and let [ΓQ,ΓQ] be the commutator subgroup of ΓQ ⊂ ΓQ. When we set
Γ˜Q =
ΓQ
[ΓQ,ΓQ]
we have an exact sequence
(3.3) 1 −→ Γab
Q
−→ Γ˜Q −→ Gal(Q/Q) −→ 1
where
Γab
Q
= Γ
Q
/[Γ
Q
,Γ
Q
] = 〈̂x, y〉
ab
∼= 〈̂x〉 × 〈̂y〉
and we have identified Gal(Q(t))/Q(t)) with Gal(Q/Q).
Let D(y) be the subgroup of ΓQ which fixes the projective system {Pi,1}i of points lying over 1. Since
the residue field of the point 1 on P1Q is Q, we have an exact sequence
1 −→ 〈̂y〉 −→ D(y) −→ Gal(Q/Q) −→ 1.
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We have an injective homomorphism 〈̂y〉 −→ Γab
Q
induced by the inclusion of 〈̂y〉 into ΓQ. It follows that the
homomorphismD(y) −→ Γ˜Q induced byD(y) ⊂ ΓQ is injective; letD(y) be the image of this homomorphism.
For simplicity we will identify 〈̂x〉 and 〈̂y〉 with their images in Γab
Q
.
We now claim that 〈̂x〉 is a set of representatives for the left cosets zD(y) of D(y) in Γ˜Q. First, these
cosets are disjoint, since if zD(y) = z′D(y) for some z, z′ ∈ 〈̂x〉 then z−1z′ is in the intersection of D(y) with
the kernel of Γ˜Q −→ Gal(Q/Q). This intersection is
D(y) ∩ Γab
Q
= 〈̂y〉 ⊂ Γab
Q
= 〈̂x〉 × 〈̂y〉.
The only element of 〈̂x〉 lying in this intersection is the identity element, so z = z′. We must now show
that every element ψ of Γ˜Q lies in some coset zD(y) with z ∈ 〈̂x〉. To show this, first note that we can find
d ∈ D(y) with the same image under Γ˜Q −→ Gal(Q/Q) as ψ. Then ψd−1 ∈ ΓabQ = 〈̂x〉 × 〈̂y〉, so ψd
−1 ∈ z〈̂y〉
for some z ∈ 〈̂x〉. Hence, ψ ∈ z〈̂y〉d ⊂ zD(y) and we are done.
We now return to the element γ−1σ˜ of ΓQ. The image of this element in Γ˜Q lies in a coset νD(y) for
a unique ν ∈ 〈̂x〉. Therefore, ν−1γ−1σ˜ ∈ ΓQ has the same image in Γ˜Q as an element µ of D(y), and µ is
unique since ν was unique and the map D(y) −→ D(y) is an isomorphism. Hence, ν−1γ−1σ˜ = λ · µ for a
unique λ in the commutator subgroup [Γ
Q
,Γ
Q
] of Γ
Q
. Since ν was uniquely determined by γ−1σ˜, both λ
and µ are as well. The intersection of [ΓQ,ΓQ] with D(y) is trivial. It follows that σ
′ = ν−1γ−1σ˜ = λ · µ is
a lift of σ to Gal(L/Q(t)) = ΓQ that has these properties:
i. Conjugation by σ′ takes 〈̂x〉 to itself, so σ′ · x · (σ′)−1 = xa for some a ∈ Zˆ∗.
ii. Conjugation by σ′ takes 〈̂y〉 to a conjugate λ〈̂y〉λ−1 = (λµ)〈̂y〉(λµ)−1 of 〈̂y〉 by an element λ of the
commutator subgroup [ΓQ,ΓQ]. Thus σ
′ · y · (σ′)−1 = (λ · y · λ−1)b for some b ∈ Zˆ∗.
By considering the action of σ′ by conjugation on Γab
Q
, one sees by Kummer theory that a = b = χcyc(σ)
where χcyc is the standard cyclotomic character. Belyi shows that 〈̂x〉 and 〈̂y〉 are their own centralizers in
ΓQ, from which it follows that σ
′ is uniquely determined by σ. Belyi denotes λ by fσ, and the Belyi lift
ι : Gal(Q/Q) −→ Aut(Γ
Q
) = Aut(〈̂x, y〉)
is defined by letting ι(σ) be conjugation by σ′.
For later use, we will describe one consequence of this construction. Suppose F is a number field and that
Y −→ P1
Q
is an irreducible finite Galois H-cover of smooth projective irreducible curves that is unramified
outside {0, 1,∞}. Suppose Y and the action of H on Y are defined over F , and that F is algebraically closed
in the function field F (Y ). We will furthermore require that the points over 0, 1 and ∞ on Y are defined
over F . Recall that η corresponds to the choice of an algebraic closure Q(t)cl of Q(t). We fix an embedding
of F (Y ) into Q(t)cl.
Lemma 3.1. We can find a finite extension F † of F so that if σ ∈ Gal(Q/F †) then the element σ′ in the
Belyi construction of ι(σ) lies in Gal(L/F †(Y )).
Proof. If σ ∈ Gal(Q/Q) lies in the finite index subgroup Gal(Q/F ), we can extend σ in a unique way to
an element of Gal(Q(Y )/F (Y )). We can thus choose the first lift σ˜ ∈ Aut(L/Q) in Belyi’s construction so
that σ˜ ∈ Gal(L/F (Y )). Recall that {Pi,0}i was a cofinal system of points over 0 in a cofinal system of finite
covers of P1
Q
that are unramified outside 0, 1 and ∞. We can assume that Y is one of the covers in this
system, and that all the covers in the system are in fact covers of Y . Let 0Y be the point of Y lying over
0 which appears in the system {Pi,0}i. Since σ˜ fixes Y and 0Y , we see that {σ˜(Pi,0)}i is a system of points
over 0 which all lie over 0Y . It follows that the first element γ ∈ Gal(L/Q(t)) in Belyi’s construction can be
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chosen to lie in Gal(L/Q(Y )). However, we cannot say that the next element ν in Belyi’s construction lies
in Gal(L/Q(Y )). We now indicate some further hypotheses that will force this to be the case.
Let s be the exponent of the finite group H , i.e. the smallest positive integer such that every element of
H has order dividing s. There is an abelian cover U of P1
Q
that is unramified outside {0, 1,∞} and whose
Galois group over P1
Q
is isomorphic to the group Z/s× Z/s. Any automorphism in Gal(L/Q(U)) then has
image in Gal(L/Q(t))ab = 〈̂x, y〉
ab
∼= 〈̂x〉 × 〈̂y〉 which is an sth power. Let F † be a finite extension of F with
the following properties. The composite of Q(U) and Q(Y ) in L is the function field of a smooth projective
irreducible curve Y † that is defined over F †. The action of H† = Gal(Q(Y †)/Q(t)) is defined over F †. The
points of Y † over {0, 1,∞} are defined over F †, and F † is the constant field of F †(Y †). Then Y † is a cover
of Y and H is a quotient of H†. Running Belyi’s construction now with Y replaced by Y † and F replaced
by F †, we arrive at a lift σ˜ ∈ Gal(L/F †(Y †)) and an element γ ∈ Gal(L/Q(Y †)).
We now recall that ν is the unique element of 〈̂x〉 such that the image of γ−1σ˜ in Γ˜Q = ΓQ/[ΓQ,ΓQ] lies in
the image in Γ˜Q of the coset νD(y) of the decomposition group D(y) of the inverse system of points {Pi,1}i
over 1. We can assume that the inverse system of covers used to define {Pi,1}i includes U and Y and Y
†.
Since we have arranged that γ−1σ˜ fixes F †(Y †) and that the points over {0, 1,∞} on Y † are defined over
F †, the action of γ−1σ˜ fixes the point PU,1 of the cover U over 1 in the above inverse system. Now, U is
an abelian cover of P1
Q
and γ−1σ˜ has the same image in Γ˜Q as νz for some z in D(y). Since D(y) fixes the
inverse system {Pi,1}i, we conclude that ν ∈ 〈̂x〉 must fix PU,1 because γ
−1σ˜ does. Therefore, the image of
ν ∈ 〈̂x〉 ⊂ ΓQ in Gal(Q(U)/Q(t)) = Z/s× Z/s is in the inertia group of a point PU,0 over 0 in U as well as
in the inertia group of the point PU,1. These inertia subgroups of Gal(Q(U)/Q(t)) have trivial intersection,
so ν ∈ 〈̂x〉 has trivial image in Gal(Q(U)/Q(t)). This forces ν to be the sth power of an element of 〈̂x〉.
Since s was the exponent of H , we conclude that ν has trivial image in H = Gal(Q(Y )/Q(t)). Therefore,
σ′ = ν−1γ−1σ˜ lies in Gal(L/F †(Y )) and we are done. 
4. Galois representations
Let X be a smooth projective irreducible curve defined over Q. By Belyi’s Theorem [2, Theorem 4],
there is a non-constant morphism λ : X −→ P1
Q
which ramifies only over {0, 1,∞}. Let H be the Galois
group of the Galois closure λ˜ : Y −→ P1
Q
of λ. We will identify Fˆ2 with the e´tale fundamental group
π1(P1Q − {0, 1,∞}, η) appearing in (3.2) by the choices described in the previous section. We will also view
Gal(Q/Q) as a subgroup of Aut(Fˆ2) via the injection ι of (3.2). Let π : Fˆ2 −→ H be the homomorphism
associated to λ˜ and the choice of a geometric point of Y over η. Fix d = 2 and let
ρ : A(π) −→ AutH,β(R)
be the surjective homomorphism defined in Theorem 1.2.
We will prove the following result, which implies Theorem 1.1.
Theorem 4.1. The group R is isomorphic to the Galois group of the maximal abelian cover of Y that is
unramified outside the ramification locus λ˜−1({0, 1,∞}). This Galois group is isomorphic to the adelic Tate
module Tλ˜(Y ) of the generalized Jacobian Jλ˜(Y ) of Y with respect to λ˜
−1({0, 1,∞}). Let J ⊂ H be the
Galois group of Y over X. The coinvariants RJ of R with respect to J have finite torsion, and the quotient
R
cotor
J of RJ by this torsion subgroup is naturally identified with a subgroup of finite index in the Galois
group of the maximal abelian cover of X that is unramified outside the ramification locus λ−1({0, 1,∞}).
The latter Galois group is Tλ(X). There is an H-equivariant action of A(π) on Tλ˜(Y ), and there is a finite
index subgroup AX(π) of A(π) that acts on Tλ(X).
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There is a finite extension F of Q over which X, Y , Jλ(X), Jλ˜(Y ) and the action of H on Y are defined.
There is a natural action of Gal(Q/F ) = GF on Tλ˜(Y ) and Tλ(X). There are finite index normal subgroups
AY of A(π) and AX of AX(π) such that the action of GF ∩ AY (resp. GF ∩ AX) on Tλ˜(Y ) (resp. Tλ(X))
agrees with the action of AY (resp. AX) under Belyi’s embedding GF
ι
−→ Aut(Fˆ2).
Proof. The identification of R with Tλ˜(Y ) is shown by Serre in [18, §I.2]. Let L be the maximal abelian
extension of Q(Y ) that is Galois over Q(X), unramified outside λ˜−1({0, 1,∞}) and for which Gal(L/Q(Y ))
is central in Gal(L/Q(X)). Then L contains the maximal abelian extension L′ of Q(X) that is unramified
outside λ−1({0, 1,∞}). Furthermore, Gal(L/Q(Y )) = Tλ˜(Y )J and there is a central extension of groups
1 −→ Tλ˜(Y )J −→ Gal(L/Q(X)) −→ J −→ 1.
Letting these groups act trivially on Q/Z, the Hochschild-Serre spectral sequence gives an exact sequence of
low degree terms
0 −→ H1(J ,Q/Z) −→ H1(Gal(L/Q(X)),Q/Z) −→ H1(Tλ˜(Y )J ,Q/Z) −→ H
2(J ,Q/Z).
HereHi(J ,Q/Z) is finite for i ≥ 1. The maximal abelian quotient of Gal(L/Q(X)) is Gal(L′/Q(X)) = Tλ(X)
and
H1(Gal(L/Q(X)),Q/Z) = Hom(Gal(L′/Q(X)),Q/Z).
Moreover,
H1(Tλ˜(Y )J ,Q/Z) = Hom(Tλ˜(Y )J ,Q/Z).
Since Tλ˜(Y )J is abelian, we obtain that Tλ˜(Y )J maps with finite kernel and cokernel to Gal(L
′/Q(X)) =
Tλ(X). Because Tλ(X) is torsion free, we conclude that Tλ˜(Y )J has finite torsion, and the quotient Tλ˜(Y )
cotor
J
of Tλ˜(Y )J by its torsion subgroup is isomorphic to a subgroup of finite index in Tλ(X).
We now identify Tλ˜(Y ) with R and apply Theorem 1.2. This shows that there is an H-equivariant action
of A(π) on Tλ˜(Y ). In particular, this action descends to an action of A(π) on Tλ˜(Y )
cotor
J . Let m be the index
of Tλ˜(Y )
cotor
J in Tλ(X). We have a sequence of inclusions
mTλ˜(Y )
cotor
J ⊂ mTλ(X) ⊂ Tλ˜(Y )
cotor
J .
Since A(π) acts on the finite group Tλ˜(Y )
cotor
J /m · Tλ˜(Y )
cotor
J , there exists a finite index subgroup AX(π) of
A(π) such that AX(π) acts trivially on Tλ˜(Y )
cotor
J /m · Tλ˜(Y )
cotor
J . Therefore, AX(π) preserves mTλ(X) and
hence AX(π) acts on Tλ(X).
It remains to show that we can shrink A(π) and AX(π) to smaller finite index normal subgroups AY and
AX , respectively, if necessary, so that the action of GF ∩AY (resp. GF ∩AX) on Tλ˜(Y ) (resp. Tλ(X)) agrees
with the action of AY and AX under Belyi’s embedding ι : GF −→ Aut(Fˆ2). We will use the description of
ι given in §3.
In the arguments below, we will need to enlarge F to a finite extension F † of F . Since ι : GF −→ Aut(Fˆ2)
is a continuous injective homomorphism of profinite groups, it follows from [17, Prop. 2.1.5] that ι is a
homeomorphism onto its image when the image is given the topology induced by that of Aut(Fˆ2). Therefore,
there are finite index normal subgroups of A(π) and AX(π) with the property that their intersection with
ι(GF ) is contained in ι(GF †). Thus in what follows we are free to enlarge F by a finite extension in order to
prove the existence of finite index subgroups AY and AX with the desired properties.
By Lemma 3.1, we can now replace F by a larger finite extension F † to be able to assume that if σ ∈ GF
then ι(σ) is conjugation by an element σ′ ∈ Gal(L/F (Y )) which restricts to σ on Q ⊂ L. We have a tower
of fields F (Y ) ⊂ Q(Y ) ⊂ Q(Y )ab ⊂ L in which Q(Y )ab is the largest abelian extension of Q(Y ) inside L. By
[18, §I.2], Gal(Q(Y )ab/Q(Y )) is naturally isomorphic to the adelic Tate module Tλ˜(Y ), and the action of σ on
Tλ˜(Y ) corresponds to the conjugation action of any lift σˆ of σ to an element of Gal(Q(Y )
ab/F (Y )). Note that
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this conjugation action does not depend on the choice of the lift σˆ because Gal(Q(Y )ab/Q(Y )) is an abelian
normal subgroup of Gal(Q(Y )ab/F (Y )). However, we know that the action of ι(σ) on Gal(Q(Y )ab/Q(Y ))
is via the conjugation action by σ′ ∈ Gal(L/F (Y )), so the action of ι(σ) on Gal(Q(Y )ab/Q(Y )) agrees with
the conjugation action of σˆ. This show that the action of ι(σ) on Tλ˜(Y ) agrees with the natural action of
σ. 
We obtain the following consequence of Theorem 4.1.
Corollary 4.2. Assume the notation from Theorem 4.1. Suppose I˜ is a (closed) normal subgroup of Fˆ2
such that [R,R] ⊂ I˜ ⊂ R, and let R˜ = R/I˜. Then R˜ is a quotient module of R = Tλ˜(Y ) and there is an
H-equivariant action of A(π, I˜) ⊂ Aut(Fˆ2) on R˜. The kernel of the surjection R −→ R˜ has stabilizer GF ′
in GF for some extension F
′ of F in Q.
i. There is a finite index normal subgroup AY,I˜ of A(π, I˜) such that the action of GF ′ ∩ AY,I˜ on R˜
agrees with the action of AY,I˜ under Belyi’s embedding GF ′
ι
−→ Aut(Fˆ2).
ii. There is a finite extension F ′′ of F ′ in Q such that the action of GF ′′ ∩A(π, I˜) agrees with the action
of A(π, I˜) under Belyi’s embedding GF ′′
ι
−→ Aut(Fˆ2).
Proof. The first statement follows by letting AY,I˜ be the intersection of A(π, I˜) with the subgroup AY
appearing in the last sentence of the statement of Theorem 4.1. For the second, observe that since AY,I˜ has
finite index in A(π, I˜), the kernel of the homomorphism GF ′ ∩ A(π, I˜) −→ A(π, I˜)/AY,I˜ has finite index in
GF ′ ∩ A(π, I˜). Therefore, this kernel equals GF ′′ ∩A(π, I˜) for some finite extension F
′′ of F ′. 
Example 4.3. Assume the notation from Corollary 4.2. If I is a subgroup of R that is stabilized by the
action of H on R, then I = I˜/[R,R] for a normal subgroup I˜ of Fˆ2. Fix a prime number p. If Ip is the
subgroup of R = Zˆ1+|H| generated by all factors isomorphic to Zp, then Ip = I˜p/[R,R] for a normal subgroup
I˜p of Fˆ2. Moreover, the action of GF on R preserves Ip.
Suppose now that we take R˜ = R/I˜ to be the quotient of R = Zˆ1+|H| by the subgroup generated by all
Ip for primes p dividing |H |. Then I˜ is a normal subgroup of Fˆ2, and the kernel of R −→ R˜ is stable under
all of GF . The action of A(π) on R is Zˆ-linear, so A(π) acts on R˜ and A(π, I˜) = A(π). If L′H is the set of
all primes ℓ not dividing |H |, then
R˜ =
∏
ℓ∈L′
H
Tℓ,λ˜(Y ).
The extension class β ∈ H2(H, R˜) corresponding to (2.2) is zero for this choice of R˜. Therefore, it follows
from Theorem 2.1 that the image of the action of A(π, I˜) = A(π) on R˜ is AutH(R˜). Define
Zˆ′ =
Zˆ∏
p6∈L′
H
Zp
∼=
∏
ℓ∈L′
H
Zℓ.
Then R˜ is isomorphic to Zˆ′[H ]⊕ Zˆ′ as an H-module since |H | is a unit in Zˆ′ (see [8, §2]). Note that Zˆ′[H ] =
Zˆ′⊕M as H-module, where M is the augmentation ideal of Zˆ′[H ]. Hence, AutH(R˜) ∼= GL2(Zˆ′)×AutH(M).
The right multiplication action of Zˆ′[H ] identifies AutH(M) with the quotient ring of the opposite ring
Zˆ′[H ]op of Zˆ′[H ] modulo the ideal generated by the central idempotent 1|H|
∑
σ∈H σ. Recall that the inversion
σ 7→ σ−1 on H extends to a ring isomorphism of Zˆ′[H ]op with Zˆ′[H ]. In other words,
AutH(R˜) ∼= GL2(Zˆ
′)×
Zˆ′[H ]
Zˆ′[H ] ·
(∑
σ∈H σ
)
since |H | is a unit in Zˆ′. Corollary 4.2 says that there is a finite index normal subgroup AY,I˜ of A(π, I˜) = A(π)
such that the action of GF ∩AY,I˜ on R˜ extends to an action of AY,I˜ .
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5. Actions on the Jacobian versus the generalized Jacobian
Theorems 1.1 and 4.1 show that the action of the absolute Galois group GQ = Gal(Q/Q) on the adelic
Tate module of the generalized Jacobian can be virtually extended to an action of Aut(Fˆ2). In this section,
we show that, in general, one indeed needs the full structure of the adelic Tate module of the generalized
Jacobian and that the action of GQ on the adelic Tate module of the Jacobian cannot be virtually extended to
Aut(Fˆ2). Moreover, we give a necessary and sufficient condition to distinguish between these two possibilities.
We use the notation from §3 and §4. In particular, we identify Fˆ2 with
ΓQ = Gal(L/Q(t)) = π1(P
1
Q
− {0, 1,∞}, η).
We can choose topological generators g0, g1 and g∞ for the decomposition groups in ΓQ over 0, 1 and ∞,
respectively, with the following properties. The product g0 · g1 · g∞ is the identity, and ΓQ is the profinite
completion ̂〈g0, g1〉 of the free group generated by g0 and g1. If H is a finite group generated by two elements
h0 and h1, then there is an H-cover λ : X −→ P1
Q
unramified outside {0, 1,∞} associated to the surjection
π : Fˆ2 −→ H sending g0 to h0 and g1 to h1. Moreover, g∞ has image h∞ = (h0h1)
−1, and for j = 0, 1,∞,
there is a point jX ∈ X having inertia group the cyclic subgroup 〈hj〉 of H generated by hj . The H-set
λ−1({0, 1,∞}) is isomorphic to the disjoint union
∐
j=0,1,∞H/〈hj〉. Thus the H-module which is defined by
the free abelian group on λ−1({0, 1,∞}) is the direct sum
⊕
j=0,1,∞ Ind
H
〈hj〉Z of the inductions from these
inertia groups up to H of the trivial representation. Note that in terms of the notation used in §4, we are
assuming that X = Y is its own Galois closure over P1
Q
and that λ = λ˜.
Consider now the natural surjection Jλ(X) −→ J(X) from the generalized Jacobian of X with respect
to λ−1({0, 1,∞}) to the Jacobian of X . Recall that the points of Jλ(X) over Q are divisors on X prime
to λ−1({0, 1,∞}) modulo divisors of the form div(f) for rational functions f ∈ Q(X)∗ such that f(x) =
1 if x ∈ λ−1({0, 1,∞}). The principal divisor group of X is isomorphic to Q(X)∗/Q
∗
. Consider the
homomorphism from the group of elements g ∈ Q(X)∗ that have no zeros or poles in λ−1({0, 1,∞}) to the
product
∏
x∈λ−1({0,1,∞})Q
∗
which sends g to the element of the product with component g(x) at x. This
homomorphism induces an isomorphism between the algebraic group that is the kernel of Jλ(X) −→ J(X)
and the split torus
T :=
∏
x∈λ−1({0,1,∞})Gm
diag(Gm)
.
The exact sequence
1 −→ T −→ Jλ(X) −→ J(X) −→ 1
gives an exact sequence of ℓ-adic Tate modules
(5.1) 0 −→
∏
x∈λ−1({0,1,∞}) Zℓ(1)
diag(Zℓ(1))
−→ Tℓ,λ(X) −→ Tℓ(X) −→ 0.
This sequence is exact as a sequence of GF -modules once F is a number field over which X , J(X), Jλ(X)
and the action of H on X are defined.
We now consider the sequence (5.1) as a sequence of H-modules. If we tensor this sequence with Qℓ over
Zℓ, the middle term becomes isomorphic as a Qℓ[H ]-module to Qℓ ⊕ Qℓ[H ] by Gaschu¨tz’s theorem (see [8,
§2]). The left hand term becomes isomorphic to
(5.2)
⊕
j=0,1,∞Qℓ[H/〈hj〉]
Qℓ
as a Qℓ[H ]-module, where the denominator here is embedded into the numerator by sending 1 ∈ Qℓ to the
sum of all the cosets of 〈h0〉, 〈h1〉 and 〈h∞〉.
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Suppose R˜ℓ is the quotient of R = Zˆ1+|H| by all factors isomorphic to Zp for primes p 6= ℓ, and write
R˜ℓ = R/I˜ℓ. Then R˜ℓ = Tℓ,λ(X). Since R˜ℓ is a quotient of R by a characteristic subgroup, we obtain that
A(π) = A(π, I˜ℓ). In other words, the action of A(π) on Tλ(X) descends to a well-defined action of A(π) on
Tℓ,λ(X). We now give a necessary and sufficient criterion for this action to respect the terms of (5.1).
Theorem 5.1. The group A(π) acts on the ℓ-adic Tate module Tℓ(X) if and only if the action of A(π) respects
the terms of the sequence (5.1). This occurs if and only if for each irreducible non-trivial representation V
of H over Q, the sum
∑
j=0,1,∞ dimQ(V
〈hj〉) is either 0 or dimQ(V ). This condition for V holds if and only
if Qℓ ⊗Q V occurs in exactly one of the Qℓ[H ]-modules which result from tensoring either the left or right
term of (5.1) with Qℓ over Zℓ. In particular, this condition holds for all non-trivial V of dimension 1.
Proof. Let V be an arbitrary irreducible representation of H over Q, and let mV be the multiplicity of V
as a direct summand of Q ⊕ Q[H ]. Moreover, let nV be the multiplicity of Qℓ ⊗Q V as a direct summand
of the tensor product of the left term of (5.1) with Qℓ over Zℓ. If V is the trivial simple Q[H ]-module then
mV = 2 = nV . If V is not trivial, then mV = dimQ(V ) and by Frobenius reciprocity we have
nV =
∑
j=0,1,∞
dim
Q
(V 〈hj〉).
Therefore, Theorem 5.1 is equivalent to the statement that the action of A(π) respects the sequence (5.1) if
and only if
(5.3) nV ∈ {0,mV } for every irreducible non-trivial representation V of H over Q.
Suppose first that the action of A(π) respects the terms of the sequence (5.1). Then this action preserves
the terms of the sequence that results from tensoring (5.1) with Qℓ over Zℓ. By Theorem 2.1, the image of
the action of A(π) = A(π, I˜ℓ) on R˜ℓ = Tℓ,λ(X) consists of all H-equivariant automorphisms of Tℓ,λ(X) that
preserve a certain extension class. Since this extension class is annihilated by ℓa for a sufficiently large integer
a > 0, it follows that if f : Tℓ,λ(X) −→ Tℓ,λ(X) is any Zℓ[H ]-module endomorphism of Tℓ,λ(X) and idTℓ,λ(X)
is the identity automorphism of Tℓ,λ(X), then idTℓ,λ(X)+ ℓ
af is induced by the action of an element of A(π).
Since Tℓ,λ(X) is finitely generated over Zℓ, we conclude that the Qℓ-subalgebra of EndQℓ[H](Qℓ⊗Zℓ Tℓ,λ(X))
generated by automorphisms arising from the action of A(π) is all of EndQℓ[H](Qℓ ⊗Zℓ Tℓ,λ(X)). Therefore,
every element of End
Qℓ[H]
(Qℓ⊗Zℓ Tℓ,λ(X)) preserves the tensor product of the left term of (5.1) with Qℓ over
Zℓ. But this implies the statement (5.3) since the irreducible representations of H over Qℓ are all defined
over Q.
Conversely, suppose that the action of A(π) does not respect the sequence (5.1). Since the terms of (5.1)
are free Zℓ-modules, the action of A(π) does not respect the terms of the sequence obtained by tensoring
(5.1) with Qℓ over Zℓ. Hence, we obtain a non-zero Qℓ[H ]-module homomorphism from the tensor product
with Qℓ over Zℓ of the left term of (5.1) to Qℓ ⊗Zℓ Tℓ(X). But this means that there exists an irreducible
representation V of H over Q such that 0 < nV < mV . Since mV = 2 = nV when V is the trivial simple
Q[H ]-module, this is equivalent to (5.3). 
Example 5.2. Let H be the alternating group A5 of order 60 on the letters {a, b, c, d, e}. Recall that h0
and h1 are generators of inertia groups of points of X over 0 and 1 that together generate H . Suppose h0
is the three-cycle (a, b, c) in H and h1 is the five-cycle (a, b, c, d, e). Define A4 to be the alternating group
of order 12 on the letters {a, b, c, d}. The induction Q[A5/A4] of the trivial representation of A4 to A5 is
then isomorphic to the direct sum of one copy of the trivial representation Q of A5 with a four-dimensional
absolutely irreducible representation V of A5. It is easy to check that h∞ = (h0h1)
−1 is a five-cycle, and
that the invariants V 〈hj〉 are trivial for j = 1,∞. On the other hand, the three-cycle h0 has eigenvalues
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1, 1, ζ3 and ζ
2
3 on V , so dimQ(V
〈h0〉) = 2. It follows by Theorem 5.1 that A(π) does not respect the terms
of the sequence (5.1). Therefore, the Galois action of some finite index subgroup GF of GQ on the ℓ-adic
Tate module Tℓ,λ(X) can be extended to an action of A(π), but the same cannot be said for the ℓ-adic Tate
module Tℓ(X).
6. The case of elliptic curves that are Galois covers of P1
Q
− {0, 1,∞}.
Suppose X is a Galois H-cover of P1
Q
that is unramified outside {0, 1,∞} and associated to a surjection
π : Fˆ2 −→ H . Theorem 5.1 shows that the action of a finite index subgroup of GQ on the adelic Tate-module
of the Jacobian of X cannot, in general, be extended to an action of the finite index subgroup A(π) of
Aut(Fˆ2). In this section, we will show that such an extension does always exist when X has genus 1, and
that all such X must be CM elliptic curves. We will also show that when ι : GQ −→ Aut(Fˆ2) is the Belyi
embedding, the action of Image(ι) ∩ A(π) on the adelic Tate module of the generalized Jacobian of X has
infinite index in the group of automorphisms generated by A(π), while the corresponding index is finite if
we replace the generalized Jacobian by the Jacobian of X .
Throughout this section we will make the following hypothesis:
Hypothesis 6.1. The morphism λ : X −→ P1
Q
is an H-cover unramified outside {0, 1,∞}, associated to a
surjection π : Fˆ2 −→ H and an embedding of Q(X) into an algebraic closure of Q(t) = Q(P1Q). The genus of
X is 1. There are points 0X , 1X and ∞X of X over 0, 1 and ∞ on P1Q such that the corresponding inertia
groups I0X , I1X and I∞X satisfy |I0X | ≥ |I1X | ≥ |I∞X |.
Note that we can always arrange for the last property to hold by composing λ with an automorphism of
P1
Q
which permutes {0, 1,∞}.
Here are some examples which are easily checked using Hurwitz’s theorem (see [12, §IV.2]).
Example 6.2. Let d ∈ {3, 6, 4}. Suppose (a, b, d) is a triple of integers in the set
{(1, 1, 3), (2, 2, 3), (1, 2, 6), (5, 4, 6), (1, 1, 4), (3, 3, 4)}.
Let X be the curve with affine equation yd = ta(t− 1)b and let λa,b,d : X −→ P1
Q
be the map sending (y, t)
to t. Fix a root of unity ζd of order d in Q. Then Hypothesis (6.1) holds with λ = λa,b,d and the generator 1
of Ha,b,d = Z/d sending y to ζd y. Note that the isomorphism class of X as an Ha,b,d-cover of P1Q depends on
the choice of ζd. There is a unique point 0X over 0 on X , and I0X = Ha,b,d. The ordered pair (|I1X |, |I∞X |)
equals (3, 3) if d = 3, (3, 2) if d = 6 and (4, 2) if d = 4. The elliptic curve X with origin 0X is isomorphic
to an elliptic curve over Q with complex multiplication by the ring of integers Z[ζd] of Q(ζd), and all such
elliptic curves are isomorphic.
Proposition 6.3. Let X be as in Hypothesis 6.1, so that X is an elliptic curve with origin 0X. Then λ can
be factored as a finite e´tale isogeny λ1 : X −→ X followed by one of the morphisms λa,b,d : X −→ P1
Q
defined
in Example 6.2. The group H is the semi-direct product of Ha,b,d = Z/d with the kernel J of λ1. We can
identify J with an Ha,b,d-stable submodule of the torsion points of X as an elliptic curve. Conversely, any
such finite Ha,b,d-stable subgroup of torsion points can be taken to be the kernel of a λ1 of the above kind,
leading to a cover λ : X −→ P1
Q
as in Hypothesis 6.1. The action of Ha,b,d on torsion points agrees with the
action of Z[ζd] when we identify the Kummer action of the generator 1 of Ha,b,d with complex multiplication
by ζd.
Proof. By Hurwitz’s Theorem,
0 = 2g(X)− 2 = |H | · (−2) +
∑
j=0,1,∞
[H : IjX ] · (|IjX | − 1).
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It follows that
(6.1) 1 =
∑
j=0,1,∞
1/|IjX |.
This forces |IjX | ≥ 3 for some j, so d = |I0X | ≥ 3 since I0X has the largest order of any inertia group. Fix an
identification of I0X with Z/d. The generator 1 of I0X then acts on X via complex multiplication by a root
of unity ζd of order d. This forces d ∈ {3, 6, 4}. Now (6.1) together with the inequalities d = |I0X | ≥ |I1X | ≥
|I∞X | force (|I1X |, |I∞X |) to be (3, 3) if d = 3, (3, 2) if d = 6, and (4, 2) if d = 4. If d = 6 or d = 4, the group
I ′0X of automorphisms of X fixing 0X is equal to I0X . If d = 3, I
′
0X is cyclic of order 6 and generated by I0X
together with the multiplication by −1 map z : X −→ X .
Let T be the group of elements of H which are translations X −→ X relative to the group law of X .
Suppose h is an arbitrary element of H . Then h(0X) = t(0X) for some translation t : X −→ X , where we
do not claim at this point that t ∈ T . Moreover, t−1 ◦ h = ι : X −→ X is an automorphism of X which
fixes 0X . So ι is a unit in the endomorphism ring of X as an elliptic curve. If d = 6 or 4, all such units are
produced by powers of a generator of I0X , so it follows that ι ∈ I0X and t ∈ T . Thus in this case, H is the
semi-direct product of I0X with the normal subgroup T of H .
Suppose now that d = 3. Then ι ∈ I0X or z
−1 ◦ ι ∈ I0X . We find that in this case, h = t ◦ ι = t˜ ◦ ι˜ where
either t = t˜ ∈ T and ι = ι˜ ∈ I0X , or t˜ = t ◦ z and ι˜ = z
−1 ◦ ι ∈ I0X . Suppose the alternative t˜ = t ◦ z occurs.
Then t˜ = t ◦ z = h ◦ ι˜−1 lies in H . In this case there would be a point τ ∈ X such that t˜(P ) = −P + τ for
all P ∈ X . Hence, t˜(τ ′) = τ ′ for all points τ ′ ∈ X satisfying τ ′ + τ ′ = τ with respect to the group law on X .
Since t˜2 is the identity, we would then have some points of X with inertia groups of even order, which we
have shown does not occur when d = 3. So in fact, h = t ◦ ι with t ∈ T and ι ∈ I0X . This implies H is the
semi-direct product of I0X with T in all cases.
Recall that the action of the generator 1 of I0X = Z/d on X defines the complex multiplication of X
corresponding to ζd. Since T is stable under the conjugation action of I0X , T is the group of translations
associated to a subgroup J (T ) of torsion points on X which is stable under the action of Z[ζd]. We have
a T -Galois isogeny λ1 : X −→ X
′ = X/T = X/J (T ), and X ′ is an elliptic curve over Q with complex
multiplication by Z[ζd]. Therefore X ′ is isomorphic to X . The morphism λ2 : X ′ = X/T −→ P1Q induced
by λ : X −→ P1
Q
defines an H/T Galois cover of P1
Q
which is unramified outside {0, 1,∞}. Furthermore the
order of the inertia group of H/T at a point of X ′ over j ∈ {0, 1,∞} must be the same as the order of IjX
since λ1 : X −→ X
′ is e´tale. Since X ′ is isomorphic to X and H/T is isomorphic to I0X , Kummer theory
shows that λ2 : X
′ −→ P1
Q
must be H/T -isomorphic to a unique Z/d-cover λa,b,d : X −→ P1
Q
appearing in
Example 6.2 when we identify H/T with I0X and I0X with Z/d. The H-cover X −→ P
1
Q
we started with
then results from the isogeny X −→ X ′ = X/T followed by λa,b,d. 
Theorem 6.4. With the notation of Proposition 6.3, the action of A(π) on the Tate module Tλ(X) of the
generalized Jacobian descends to an action of A(π) on T (X) which respects the action of Z[ζd]. There exists
a number field F such that A(π) ∩ GQ = GF . The action of A(π) ∩ GQ on Tλ(X) defines an infinite index
subgroup of the group of automorphisms of Tλ(X) induced by A(π). The action of A(π)∩GQ on T (X) defines
a finite index subgroup of the group of automorphisms of T (X) induced by A(π).
Proof. By Proposition 6.3, X is an elliptic curve with complex multiplication by Z[ζd] for an integer d ∈
{3, 4, 6}. The group H is the semi-direct product of a group T of translations on X with a cyclic group
I of order d, with a generator of I acting by complex multiplication by ζd. The action of T on the adelic
Tate module T (X) is trivial. So the action of H on T (X) factors through H/T = I and corresponds to the
action of complex multiplication. Therefore, in the sequence (5.1) the action of H on Qℓ⊗Zℓ Tℓ(X) gives two
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(non-trivial) one dimensional characters. Hence, by Theorem 5.1, the action of A(π) on Tλ(X) descends to
an action on T (X).
Therefore, we have an action of A(π) on the submodule
∏
x∈λ−1({0,1,∞}) Zℓ(1)
diag(Zℓ(1))
of Tℓ,λ(X) appearing in the sequence (5.1). This submodule contains the rank one Zℓ-modules Mj with
trivial action by H that are the images of Zℓ(1) diagonally embedded in
∏
x∈λ−1(j)
Zℓ(1)
for j ∈ {0, 1,∞}. In particular, Qℓ ⊗Zℓ M0 and Qℓ ⊗Zℓ M1 define two distinct one-dimensional Qℓ[H ]-
submodules of Qℓ ⊗Zℓ Tℓ,λ(X) with trivial H-action. Since Qℓ ⊗Zℓ Tℓ,λ(X)
∼= Qℓ ⊕ Qℓ[H ], there exists a
nilpotent Qℓ[H ]-module endomorphism f of Qℓ⊗ZℓTℓ,λ(X) that sends Qℓ⊗ZℓM0 isomorphically to Qℓ⊗ZℓM1
and that sends all other irreducible Qℓ[H ]-module summands of Qℓ⊗Zℓ Tℓ,λ(X) to zero. Multiplying f with
a sufficiently large positive integer, say m1, we obtain that m1 ·f is a nilpotent Zℓ[H ]-module endomorphism
of Tℓ,λ(X) that sends M0 to a non-zero submodule ofM1. If m2 is the largest power of ℓ dividing |H |, it then
follows that m1m2 · f is a nilpotent Zℓ[H ]-module endomorphism of Tℓ,λ(X) that sends M0 to a non-zero
submodule of M1 and that sends any extension class in H
2(H,Tℓ,λ(X)) to zero. As in §5, we now write
Tℓ,λ(X) = R˜ℓ = R/I˜ℓ where R˜ℓ is the quotient of R by all factors isomorphic to Zp for primes p 6= ℓ. It
follows from Theorem 2.1 that idTℓ,λ(X) +m1m2 · f is an automorphism of Tℓ,λ(X) that is induced by an
element of A(π) = A(π, I˜ℓ). Moreover, idTℓ,λ(X)+m1m2 ·f generates a subgroup of this automorphism group
that is isomorphic to Z and every non-trivial element of this subgroup sends M0 to a non-zero submodule of
M1.
Since A(π) is a finite index subgroup of Aut(Fˆ2), it follows that there exists a number field F such that
A(π) ∩GQ = GF . Since GF cannot send points over 0 to points over 1 or ∞, the action of GF = A(π)∩GQ
on Tℓ,λ(X) preserves M0 and M1. By the above construction of idTℓ,λ(X) +m1m2 · f , this implies that the
action of A(π) ∩ GQ on Tλ(X) defines an infinite index subgroup of the group of automorphisms of Tλ(X)
induced by A(π).
We now compare the actions of GF and A(π) on T (X). The action of Z[ζd] onX by complex multiplication
makes T (X) a rank one free module for Zˆ⊗Z Z[ζd] = Zˆ[ζd]. The action of A(π) on T (X) respects the action
of H , and the action of H corresponds to the action of complex multiplication. On picking a basis for T (X)
as a rank one free module for Zˆ[ζd], we see that the action of A(π) on T (X) is defined by a homomorphism
χA : A(π) −→ Zˆ[ζd]∗. Similarly, the action of GF on T (X) is defined by a homomorphism χF : GF −→ Zˆ[ζd]∗.
When ι : GQ −→ Aut(Fˆ2) is the Belyi embedding, we know by Corollary 4.2 that after enlarging F by a
finite extension, χF = χA ◦ ι|GF . Hence, the image of χF is contained in the image of χA. On the other hand,
the main theorem of complex multiplication (see [19, Thm. 5.4]) shows that the image of χF has finite index
in Zˆ[ζd]∗. Therefore, the image of χF has finite index in the image of χA and the proof is complete. 
7. Known results and questions
Belyi’s Theorem concerning the injection ι : GQ −→ Aut(Fˆ2) motivated Grothendieck in [7] to suggest
studying GQ by studying its natural action on the so-called Teichmu¨ller tower. In [4], Drinfel’d defined the
so-called Grothendieck-Teichmu¨ller group whose profinite version ĜT is a certain subgroup of Aut(Fˆ2) that
contains the image of GQ under ι. The natural question then is whether in fact GQ equals ĜT ; see, for
example, [15].
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In [7], Grothendieck also showed that if λ : X −→ P1
Q
is a finite cover unramified outside {0, 1,∞} then
one can recover λ from the so-called dessin d’enfant associated to λ. This is the graph on the topological
space X(C) that has vertices of two colors associated to the points in λ−1(0) and λ−1(1), respectively, and
whose edges are the inverse images of the line segment from 0 to 1. The group Aut(Fˆ2) therefore acts on
such dessins. The computation of this action is a fundamental problem; see [11], for example.
Theorems 4.1, 5.1 and 6.4 deal with the actions of subgroups of Aut(Fˆ2) on the adelic Tate module of the
generalized Jacobian, respectively the Jacobian, of a smooth projective curve X defined over Q. Moreover,
these theorems discuss the relationship of such actions to actions of subgroups of GQ. For some references
concerning the size of the image of the action ofGQ on such Tate modules, see [10], [1] and their bibliographies.
A natural question, in view of Theorem 4.1 above, is to find other natural representations of finite index
subgroups of GQ that lift to representations of finite index subgroups of Aut(Fˆ2). For example, the Galois
representations provided by the adelic Tate modules of the Jacobians of modular curves arise in the theory
of modular forms of weight two for congruence subgroups of PSL2(Z); see, for example, [19] and [13]. It
would be interesting if other Galois representations provided by modular forms of other weights, and more
generally by Λ-adic modular forms, have lifts to finite index subgroups of Aut(Fˆ2). At a minimum, one
would like to check whether they can be lifted to finite index subgroups of ĜT .
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